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This study aimed to analyze the structure of students’ argumentation while
solving a geometry problem. As a qualitative inquiry, the study examined the
structural and cognitive components involved in the development of students’
argumentation throughout problem solving. Participants were three groups of
three eleventh-grade students from a county in Tehran Province. The groups
were organized from among 15 students based on similarities in their reasoning
patterns, and each group then solved the same geometry problem. Data were
collected through video recordings, transcripts of group discussions, field notes,
and students’ written work, enabling reconstruction of their reasoning processes
and interactions. Data analysis was conducted using an integrated analytical
framework combining Toulmin’s model of argumentation and Balacheff’s cK¢
model. The findings revealed that students’ argumentation was dynamic and
multilayered, emerging through the interaction of components such as data,
claims, warrants, backing, control, rebuttals, operators, and representational
systems. Four forms of reasoning were identified: visual reasoning, inductive
reasoning, abductive reasoning, and informal deductive reasoning. Among these,
abductive and informal deductive reasoning played the most influential role in
supporting students’ movement toward formal deductive argumentation.
Furthermore, the coordination of multiple representations—particularly the
transformation of visual and numerical representations into algebraic
relationships—was essential for constructing coherent argumentation. The
activation of control and rebuttal components, together with collaborative
interactions, enabled students to refine their reasoning, revise their arguments,
and strengthen the validity of their conclusions. The findings may contribute to
the revision of mathematics curricula, the design of instructional activities, and
inform future research.
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Extended Abstract

Argumentation is one of the fundamental components of mathematical thinking and plays a central role
in problem solving and proof. It is identified in the National Council of Teachers of Mathematics (NCTM)
standards as one of the primary goals of mathematics education. However, both national and international
studies have shown that many students encounter difficulties in the argumentation process, including
reliance on empirical observations, limited ability to provide valid warrants, difficulty coordinating multiple
representations, and challenges in progressing from intuitive to deductive argumentation. Therefore,
understanding how argumentation develops and identifying the factors that influence this process have
become important research concerns in mathematics education. Such an understanding enables researchers
to analyze students” mathematical argumentation more systematically and to explain the structure and
validity of their arguments in problem-solving situations.

In recent years, several theoretical frameworks have been proposed to analyze the structure of
mathematical argumentation. Toulmin’s Argumentation Model explains the structural organization of
argumentation through components such as data, claim, warrant, backing, rebuttal, and qualifier, whereas
Balacheff’s framework emphasizes the cognitive dimensions of argumentation by focusing on operators,
representations, and control structure. Since each framework captures only part of the complexity of
mathematical argumentation, the integrated Toulmin—Balacheff model combines the strengths of both
approaches, enabling the simultaneous analysis of the structural and cognitive dimensions of argumentation.
This integrated model provides a more comprehensive understanding of how students’ argumentation is
constructed, refined, and validated.

Although a number of international studies have investigated the structure of mathematical
argumentation, only a limited number of studies in Iran have employed systematic frameworks, such as the
Toulmin and Balacheff models, to analyze the components of students’ argumentation. This research gap
highlights the need to apply integrated analytical models in mathematics education in Iran.

Accordingly, the present study employed the integrated Toulmin—Balacheff model to analyze the
structure of eleventh-grade students’ geometric argumentation, identify its components, and explain the
relationships among these components throughout the problem-solving process. It is expected that the
findings of this study will contribute to a deeper understanding of students’ argumentation processes and
provide evidence for improving the teaching of reasoning and proof, as well as informing the design and
revision of mathematics curricula.

This study adopted a qualitative research approach to obtain an in-depth understanding of the quality of
students’ argumentation. The purpose of the study was to analyze the structure and development of students’
argumentation while solving a geometry problem using the integrated Toulmin-Balacheff model. The
participants were three groups of three eleventh-grade students. The groups were organized from among 15
students based on similarities in their reasoning patterns. Each group then solved the same geometry
problem. To achieve this aim, the following research question was addressed: How can the structure of
eleventh-grade students’ geometric argumentation be characterized based on the integrated Toulmin—
Balacheff model?

To collect the data, a geometry problem was designed that required students to identify patterns, use
multiple representations, establish geometric relationships, and construct arguments to justify the
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generalization of the result. All group discussions were audio- and video-recorded, and students’ written
work, calculations, and diagrams were collected as supporting research documents. The data were analyzed
using qualitative content analysis based on the integrated Toulmin—Balacheff model in order to identify the
structural components of students’ argumentation and examine the relationships among these components
throughout the argumentation process.

Several complementary strategies were employed to enhance the trustworthiness of the analysis. First,
the findings obtained from the analysis of the group discussions were triangulated with students’ written
worksheets, classroom observations, and video recordings to ensure that the interpretations were not based
on a single source of evidence. Second, the transcribed group discussions and students’ written responses
were provided to another mathematics education expert, who independently identified and coded the
components of students’ argumentation. Intercoder agreement was calculated using the percentage
agreement method proposed by Krippendorff (2004) and reached 80%, indicating satisfactory consistency
in identifying the components of the integrated Toulmin—Balacheff model and confirming the dependability
of the analysis.

The findings revealed that analyzing students’ argumentation using the integrated Toulmin—Balacheff
model uncovered clear differences in the organization of argumentation components, the quality of
warrants, the use of representations, the control structure, and the pathways through which claims were
established. Although all three groups started with the same initial data, their argumentation developed
along different trajectories as a result of the distinct interactions among these components.

In all three groups, argumentation began with the observation of a geometric pattern, the use of visual
representations, and the identification of initial data. Based on these observations, students proposed their
initial claims. However, analysis of the argumentation process showed that the first group activated both
the control structure and rebuttal to critically re-evaluate its initial claim and eventually reached a valid
conclusion through algebraic reasoning. In this group, warrants evolved from intuitive and empirical
justifications to theoretically grounded justifications, while representations progressed from visual and
numerical forms to algebraic and symbolic representations. Similarly, although the second group initially
relied on empirical observations, its members gradually refined their claims throughout the problem-solving
process by activating the control structure and rebuttal. Through the use of algebraic relationships, they
ultimately reached the correct conclusion. Their warrants likewise evolved from intuitive and empirical
warrants to warrants grounded in mathematical relationships, and their representations evolved from visual
and verbal forms to algebraic representations.

The analysis further showed that although the third group obtained the correct answer, its argumentation
remained predominantly at the inductive level. The students relied mainly on pattern observation and
numerical calculations to reach their conclusion, whereas the control structure and rebuttal played only a
limited role in evaluating or revising their claims. Consequently, their warrants remained largely intuitive
and empirical, and their representations did not progress beyond visual and numerical forms to algebraic or
theoretical representations. As a result, their argumentation did not develop into a deductive form that was
independent of empirical evidence.

Overall, four forms of reasoning were identified throughout the problem-solving process: visual
reasoning, inductive reasoning, abductive reasoning, and informal deductive reasoning. The findings further
demonstrated that representations, the control structure, rebuttal, and the quality of warrants played decisive
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roles in strengthening the validity of students’ argumentation. The interaction among these components
facilitated the construction of more coherent arguments and supported students’ progression toward formal
deductive argumentation.

Taken together, the findings of the present study highlight the multidimensional nature of students’
mathematical argumentation and the importance of considering both its structural and cognitive dimensions
simultaneously. They show that students’ geometric argumentation in solving problems is a dynamic and
multilayered process that develops through the continuous interaction of data, claim, warrant, backing,
representations, operators, control structure, and rebuttal. Throughout this process, each component is
influenced by the others while simultaneously affecting the quality and validity of the argumentation.
Weakness in the organization of any of these components may lead to empirical and intuitive warrants,
whereas their effective interaction provides the basis for the development of abductive and informal
deductive argumentation. The findings also showed that the control structure plays a central role in
evaluating, revising, and refining argumentation, and that the activation of rebuttal encourages students to
reconsider their claims and reconstruct their argumentation. Furthermore, representations not only serve to
express mathematical ideas but also play a cognitive role in the construction, organization, and development
of argumentation. The transition from visual and numerical representations to algebraic representations was
found to be one of the key factors contributing to the improvement of the quality of argumentation. These
findings may provide evidence to inform the revision of mathematics curricula, particularly with regard to
the teaching of reasoning and proof, and may support the design of more effective instructional approaches
as well as future research in this field.

Keywords: Argumentation Structure, Geometry, ck¢-enriched Toulmin model, Inductive
argumentation, Abductive argumentation, deductive argumentation.
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