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Developing a model to enhance elementary teachers’ ability to
foster functional thinking and algebraic reasoning in elementary

N. Asghari (Ph.D)
Abstract: This study explores the
process of change of grades 3 to 5

elementary teachers, who
participated in a professional
development program "Algebraic

Thinking: Foundation of Elementary
Mathematics". Algebraic thinking as
a functional thinking was the
centerpiece of the program. The
“Concern Base Adaptation Model”
(CBAM) was used as methodology.
The results of the study showed the
significant changes in information,
program management and task
designing of teachers. Significantly,
their understanding about functional
thinking progressed. Finally a model
was designed for integrating
functional thinking in elementary
mathematics curriculum as a result
of this study.
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nas.asghari@iauctb.ac.ir

students

' A

0395 Olades STysl Loss Ayl 3 oy 4 candllas () 10 A S
S (glad o iy 6y93 534S 5313, O BT glaaly ol
Cor S8 S oS E (gl ol bl s
W5 5 eSS 5 e b el (b SE Ol sea
G 5 e TR o Sln o e sk s mbe
Olgea (CBAM) s 5 aw 2 pdy dde 5l Oldee
Ll 6l i e el s eslinad canllan (5 gyl
(ass ol 53 4 el (55518 laasl L) s Sy ke s
Al G badass Julag o6 a OF Glajlpl Sl S
Alp o 5 sl oss3 cul GalS sl 5 Sy pte
Opr 31wl B o5 ol gl ks sl (Olakee i
e ke LS o ol S s 3 0AS S 5 by
SCS i glaabdes sl sln Gldews Olgsa O
e Cas Gl s (o wo o day a3 O8US
S0 s @K by o pde (i Sledbl (w81
S Ol s WJde 6ﬂ§)l54.3 Bl J..pl;— CLL.I L oslatal (dde
Slr b SlacidSS a5 5 sl g e (AT Ol5 o
B Oldas 51 (oalias sls OLES 1) Oladas 55 4el 0 ilual G2
(et 3 kBl Wl wsaes >l «j:j‘l:» 35 (il claM
S LT (slacsls o sede » 4SS L5 Oledo L IS 1
ol Cows w0 b S 55 4l

Olades glad > iy glaosss (b S5 (b 20850 9048
i ka2 CBAM ( luw!

oDl 3T o2y (655 50 Ol Al bl 05,8 Sbskal )

\TAY/+ N0 tellin 5y sl VATV e callie 2L b



H”W UL&NU)JL@ k€}>JLﬂ“~ A)LQ.\;LJAJQ MU}{):L}A&)Q# MLALA@):

PPNV

w01 b5 el OISl 5 0185 5ol a5 0508 4 o o sadle
gorm bds ulw 5o O3l 515 51 ol sl ok el sl fasn A5 4 s
IS s o obs Sl ol oas s gl T 5 edld o ol e e
5 S23ds el liles S w3 solete DU b (D150l s &S (glotse
@ ot oy opl ST (Dpl8) Cd sl feass S5 o8 5 5L, 5l ol 5 S
obo il el ash Sl 5l S sl 5 il 33 o g by
el Oley cpl )3

SR, Ay

s el lysel zils 81 a5 Wyl of 51 colSs oumze Ml sla iass
S ¢b1 LI 0T (5850 s loslr 4 oa glacandse 53 5 Ll ol e
S e Sty e b)) et S e sl s O ol 5 sl Sl
e ()U}Juﬁb S s e Ol S Sz Y\S.lfi b, Oldas o (gl 98 alise
o 2l oLl 5l sl s s ladslaal 5 Laadslae o Sesler J> s SIS
(8AY Tl 57 ) s axlpe S0 L ccpsled

O ul8) Gl odd Al (Olejlgyn K A8 s e sio 035 gy 4l 5y Lcélbz
(ool S Ll el 035 e b ssdins |y Ol el 05 iy e 5 (YooY
o sl s b s Qljy]uﬁb GG s S Cl ey 2SS
w0 5 Ll e (e o 550 1y e ol (VA8A) SplS yls S5 s,y eis

wb U slaas o 51 pwos a4l p (055 ) 5 (2L Dol 8 4 e LS

1 National Assessment of Education Progress: NAEP

2 National Council of Teachers of Mathematics: NCTM
3 P.A. Kenney

4 E.A. Silver

Y ey



el )93 Oledas (gdiadl 5 (L&l (6l JJQ\ &yl

o A okE (6 ey el G oS el dizee (1440) S plS Ll el b )Y

LS e SaS il yld lael w0l el 23l K51 S se

wen gl o Ol ces Ol s s o3 Olpsel s culis (s (g
3RS o BT S 0 SaS L 6,5k S et el a ) Sl 01K el
Gl a8 03 my b dils e o higel e 51 AL 1y Ol sl 15 oIS
Ol L 2ol cpl o ol o plamil o (5800 slacand po Ctld g 3 (o005
Sl ahi Ol o (5830 g8 5 3,08 o Sl Sl G (65550 s & a3 s

el Sl 550k

o33 S5 Sl 5 Olam 1) ol o5 Olysel 205 oL, Sl 2 Gt dsb s
Sl bl )53 O3 sal 2ils (s3lueslel aa3Y a5 ol o s o35 ol 45 I3
ol 2bs Sl Sl slite pll 68580 GG F sk 5 e 5 edaey SLSL,
sllle 5l e Sos o Gghane 5 Lias o Sy, 1) b glacsle S Sl o
(@Blaps (Y000 (plS 5 0 51448 (nlS 5 TS el 1998 (O yl8) a5,
Sﬁu@)fwuq)) EEBE T R L N ST E RS EIPL SR ubﬁj@:\.ﬂu&)’yT
s Shae sbaal 4 il oo aslsl baay 55 5 SOlisls sl 3,555, ‘Odik;ab 0585 3

(Y000 (S 5 0 5mL) el o3 g0 (38 50l (Ol ol 0

Sl Ll 3550 53 Jshlis sl 48 dins o e 55 (V00 8) S5 5 L el

5 LA Lpdpp ol Lzme padse 53 5 Sla S Sl sy i s Ol

3 i Ola o o8s < blie 3 s o 03l 55l o A il sl (ane

1K-12
2 Algebrafied
3 Romberg
4 Procedure
By edil e oleialy o 05l (Il v ge 03 5 ga candllas ol plasil Ola3 53 0
6 Analucia D. Schliemann
7 Barbara M. Brizuela

Vey



H”W L)L“«NU))L@.; k€}>JLﬂ“~ A)La.j:gwjé MU}{):L}A&)Q# MM):

sp esls i3sel Ll ol glaal Olea 31 g IVdzal 48 Gl Aitns 5 Lils o >

() g

55

\yhy

(Yor# Msnp s LI () s 5 Clax bl L o) I3

)JL;JL{')QLQ.LM‘;ﬂd\)}».:af?-o}Jf)LSJJJL\;Aul)lﬁdsw&)%\(\‘"v)w)sl}

Y . Z \ . . - -
}ﬁbts gQﬁLS) .X.C_,A)‘dlﬁj&-cj;j(\‘\/\c\) ‘5».9[4“) r}l& L;J)}»\M?QS}&JA‘
IVazed 03 5 4, LSG gl ool b (gl ol K sy 48 Il 51 Sl oY e v A 5L

Llesls rL>_=3\ sl sla 25 C@Kﬂu\;u:ﬁ slasl ;5 (6

OLan 5 Al Yot OLan 5 S 5l B a4 TA) T il (s e
KB sy e i slial; 53 oS WS e OLE LI (Y000 ylS 5 0g50 5 Yers
b s o als b asls g v.bu SISV N g ‘Ql)'j,afuijl: 3 S
GimS o2l OS5 el 5l ok il 4 315 Comdl s Joe 3 wp 5 el
Glacamge 5 o Sl Oledne Sos is 5 sl oK a3l g e 3l i Bda
5 Sl (ael) ol s Sl s Oldes 3 Shee a5 0T U 4 5 e

(YT (e

Cﬁ.wlbgb-)Ju_i‘ cw‘vluw)ﬂ)bjjjﬂ)ﬁij}ﬁjzcyli)w)bMUJ{LSJ'LNLSJ.&.-
Lol 5505 355 el ol 53 S @lse 45 WS o Llebl (o) "0l 5 Pl oS

1 Mathematical Sciences Education Board: MSEB
2 Early Algebra

3 Ana C. Stephens

4 David.W. Carraher

5 Stump

6 Bishop



el 0553 Oladee (giadl 5 i g o sSI l
sdo3 oS ok Oladee 5 0185500 S5, o Gl 5SH5 5l (S oS iz
- 2bls Bl plaaly 5 oli) Oldes 4 KaS clilodel o5l L5550l 25 ool
b @Blass S sl salsl (YoeA) aimad b Wl G s 0BT Nl gla
Aoy oa 25500 0T (sl & el gl Olodes 51 VG sl G s3bep seie
Lo porin b (6550 S sl Aol s Sl (glas game S goas | S ol Oladas 51 (6 obns
Gl 6553 55 LOT Sl 25 e o 4y S Ol laalSys (5,8 K8 5 iils s
B SK daplas dal s o8 &S e Oly (Y00V) ey S il ran 53 ol OLas g
23 S ($05mS (ipmen 5 Sl s g3 (o g pl s Oladae (glad = Al lae s
33 G DVl glacslgs bl 0T U 5 ol Olades o 3l clid 5 50
Wl S35 e AR plnil i) nl 53 4 el OUT 01 gl 15
R P
b b sl S S gl ol o) Oldas 05 S esbel sl axllas 3l s
OLan 5 Sl (s3lgiy (5801 5l oalinad b candllan cpl s Lo 1o 5 oo gl Jlas
OLES 53 5 v 5 (SO55r bl o5 Olalas 4B AEs 3 10dS Oljs ooy & (T01V)

Q}-\JJ._:' ‘LE‘UJ" _,l,i) 095 > C,Sflu 4;:.:2.0: LAQT 4cded lea.w LS):§°).‘”L.")
b S

o5 OUT .l (5 Yzl I3 3 (Slarass (T005) OLen 5 8Ll oSs
SO LB s ks 5 350 ek 10 S Ol L5 ol fos S oS s e
el s 3 013 el 5305 w53 i (G IVzal UL slaul Sladis (g e oosle
LSS il 053 mys il 3 il 4 ol B 03l 45 3l e 0L bLE Lol
S O Rl AS 5 AS o s e Bh) s el 53 1) e 058
S Sl Jom s pl il o 1l Slas Sl el Ol peas v 5 b (Gi e Lo

6‘)" J.o‘eb)s QL:J u.ﬂ.L’er éLﬁQ)j‘a‘U \) (_5]&- JYJC;.A‘ LL;»ﬁLL) Q‘Ji&)jﬁi‘)‘ L;.a;.: :y\.d

1 Reconceptualization
2 Concern

V¢eo



H”W UL&NU)JL@ k€}>JLﬂ“~ A)LQ.\;LJAJQ MU}{):L}A&)Q# MLALA@):

Nl B30 555 5 S8 gy S st by (6o IVl (1488) SIS ot pes
’ el 03503 Dl

2l b s gdeedels 5 s Sl a5 Silepeens Ol sV
148l prend Dl Ol o4y
tasled (g0 ol ol (las )y Camd Ol gisas o
tal sy 5 Slbous 3 e (slapllii 5 Lo lost b anllas Ol gy or

il s Sl ate 5 lails) il 5 alllas Olgsa

DN NN

(Siledds Olgsas S

SIS JUESI L s Bl o &5 (slolsz b ol JUSl 5 daly olod (b p s
S (Y00 Y) SplS i s 0888 J0lL) das e 0L aiaaS s 4 1y fpre
- b3l ek 3 Ol s 5 8 Sl At Wi xS Gl sy
2338 o g Al 5 WS 5 SIS laslased (ol (5)ls ses el i gla
55 o dalsy S, 85 Kb sledsl S o 1 b S (Y00 A) Coel (bl fpran
san Silopmasl @ e &S SE | 28 posatar )1 S0 it oaS L b
Syh e ol bl

V) Ll 5 VL ol oy 3 G S bome oy s o8 cpl b s
(Y00 0) O)ls 5 deb o (G oy 5 o0 e ahbnl ops S5 1 e ol opl alid Cis g

Lils o b g0 0533 53 ol 0L Sl as eslizad (gl p Sabel 1 O]
A p (e pply e

E) ;a.:,.ajj ‘LSJ.S").U‘.‘ 6‘)4. u“ij) E) u_,:;)\:; 4(CBAM) YA.'P.\..F.: e «.J;Jf-'l'-’- Jde
@(\‘\‘W ‘Q}w)J\JD | L;.Z:)_,AT LQLALQ)}T)JJ D Lgﬁjuuﬁbﬂ;';'wa}:.-j G’.J':‘"”.

'L"”J"‘:’U'::‘,'J‘J‘.’,)CJ":’A“(Y..\)J]AJdu‘h‘”j:‘JJﬁLﬂ.‘Lﬁ.bﬁJWf

1 Chazzan
2 Concern Base Adoptation Model



et 0553 Oladas siasl 5 Uil (510 o ST1 1)
Oley dsls cSlawe 3 i 5 Bl S 6 ol AT 3 Kk ) s b v
sl
‘:‘J'é‘ 41.:..«}4.: QT sSJ) ej,>=.3 9 Sl Lfm 4.:J>J “"<i ‘J:.:JJ :,L.:jj.é Y W} v
s el 3l o | S s sbay
et S G sl 5 s Shes gl sl Slulesl 5 Sl 2B ¥ ans s V)
el pild]
sslizal 3 0L ,Le 5 abls (Sl (ol olad 3 Jle b ol 31 F ap 3 v
bl ol gbay (sl g d depllal jsbay Ll Gens sl DLW ans B v
LS 13 Sl s ol 35 et jsbay 5 s S
ol ol (SOC) 'aadabs Jlew «mis (5, Sesll slajlpl 5l ol ol s
(SP s dl) el el wbp b s wb i 5l Jols gl 555 5 sl
(NAVA
Bty NEXS
(B S sl A S s ek i s O B 5o o 5 65 5l e ol
.LrJ_,.v J«J“).U‘UJ&L;I g&‘.ﬂ.’\ 092 )345)_9.! L-;?LQ-LM &.)JL@J)L}.:L’\): u.gbb‘ gu,»:l.\.\.&-‘ L
A3 S il e 5 sbay Dl s Olpe (i 55 01 05Dl
Shay s oS s
ML:J.: BE) ¢;.~Ua_5\b )}144.’ cv.:\JJ;\ e))bv.?nl.;) CJL@% cr}w 6“4.’@ Oladxs )‘Jj_: VO sluss
L;..:L...Z)lSqu\;)lSa))J Ql.:j?r.mql.} tdLQ-LM U'l\ .JU)JSC,SJ.J Lf-“'u"\ QLQ.LM 6\43‘)9- .L.::)
Gladsls o AL Eass Jgb s OUT Sged 5 Lop gz Shsel 4xd,

Axdls Gl psle b oo o ske olos dall CEL 5 dis s sl IS 15 (o (oo

1 Survey of Concern: SOC

VeV



H”W UL&NU)JL@ k€}>JLﬂ“~ A)LQ.\;LJAJQ MU}{):L}A&)Q# MLALA@):

S5 s 5 4t
D ) Aeb B R R R
S8 lab - Ly asl 53 CS 8wy (b S8 4 Cod Oladas slaasaes tand
Ly ael 53 OS5 amt ) (al S8 4 Gl Olodae slaasdes Ol t g5 Jlsm
sl o iy al
ose= 093 ol a bg e Gl WIS s el an atis a5 el S Dl 4 Oladas
BEEE) J\};ﬁ U’“L"‘: B J.<~1A)J'.3 L: cgf‘))bj 9 u‘"l; L‘-}o:&.i‘ g}i}b )l (4an J}Jo BEES) Lodls
.m&)\}fﬁcuob\,&;x{p@wwjj Sy g0
o S IS s el Dl b el > A b kel

S by S Olpea O il sgr s 5 (6 S psghe )

Sl %]ﬁ&'}x;ﬁﬁang @\Q«e—jl{‘rﬂyrﬂjwc,iw Caon| Y

Ol S &
5 obaslazel (8, WG 5 b (6,550 skt ()Ken S 8 glaes 5 LS5 Y

OL810 Wls e Oledas oS ol pl 4 g Lo bl olhksl als
A ¢ RSleass

s bl colia 5 SLssl Gl s p Be Sk Je S8 ¥
ol 5 Cole e ls 55l



el )93 Oledas (gdiadl 5 (L&l (6l JJQ\ &yl

2l sl sl B 5 IS ol a5sel 5 5S e o s sal o5 onl Jil atia Jler
Yosbal 5o e ol (NCTM) Lol Oldas e sl slaslisbial 5 slanl oy 53
Jow 5 pldsl mb 5 Bl 5 LS S ool o daslilal ol s e 0L
Sl 2l bdle S8 ol 580 L ok, glaoksle 5 bacasd
o) 3o ets ST il gladans 53 o oS 5 B ailss Sus s bl
o (posaray 5 Sy SB e slaolSus (glad = 35l Ay ep5s 53 anidS
o WOl gm0 Sloyr 5 Byme Oladns w0 i o Lal O 4 YU 45 &S &8 S8y
Sl Jyol QBSES b o Shen 5 Siash /esde Colda Lodacpl o 05l A
medle Ol s 45 AE sl (b KB ane s b kS e gladlie 5 el o b
b Sl eslinal b oy wnin Sl T (W ) o W55 Olin s by o gl
Olidda (asis jsba 5 Lud Ll Sbedls 5 badls L oBasSEs & wls ag
el 5l ol pis edd eslinal wle ozl g gl oy Oledas 55 Al K& ann s
Sl b g en O sladle 5 e Jlad 5l (ol 45 35 G el i s LT
oS gadle 5 2 ! 2 odle g Al SE anwy g 2isel o5 gl
3y50 s 093 ol Slaal L \:.,Jb(,.m S Ol gl oy U Jol slasl B, e

A S 15 esla

O 55l (K8 5 Olabns Lo 5 b psghe S 5 b S e oo 81y oo
(3555 poehe b plaisl cal (Y JS8) A ealinad b pdle oladsl 10l pel 200
5 osedke LOT Gl (ml psgie b3S S (b adals) oael S oxils 5 s>
oA 83503 perlie 5 AST L ki 5 o 2k S Sl ealiad Oy 5 250 S5 LB
By Cow sy S b s dals B oas 2 ol e ol K6 T sl
Lo a8 ks ol b 22U oile sl 5l (S igas gl 05 asiie
S S A analpr QLSS S Gl 5 A e il atie Jes 355 S5 S
Sy o e o ol bl S Iy (A e plmil Lass s 555 2 Sl oS 1) s

A sl ol 5 w5 b wals o ggha b OUT G b OF 5l 5 238 IS 3

W\CUWu&’Q’;\JﬁdM‘W\f}M@ﬁJ"JdUM A



YYAY Ol 5 Sle Lr};dL«l‘Y’ oled (gmyn el 53 oo 5w ks daldad o

W‘fﬁfdbﬁuﬁ‘-"vu"W‘(’}l*‘cu‘}“-“)dbﬁﬂ Y

Q.»ld)j)‘);)b;lu\ﬂQJA‘er)&Av}-)J}chJﬂq& Y

I | 8809

El o o 5 w6 dle Y IS
¢6JMJL&?L5LA¢}J§)JQLJJ?J§JQKMC,SJJ) M/'" }ﬂwaujla.‘gjsl.qjuw“ )
S &UQQWQKMQSJJL;Q&J@:M@T});

Lasdss folew 5l

Sl s5as (CBAM) eads 5 o Jopdy ds o5 Liles S LBl (Yo)) 5,8 5 Jls
SRS abil 5 o e d ) G 1 el (515 slaasl bl 5 Sy e 5 1]
Srlen pb 4 CBAM (lajlipl 51 (SO 51 Oldne ois anl o 5 55l 0553 ol
Oliee 3 iy o 55 )13l ipl (0 Comngm 5 ) Jsdor) A eslizud (SOC) 'laasaes
513 55 e a3 Slalal 5 D3l 5 S o wal B i sl 123 008 S0 by
S da aw o ol glassaes gduad; Gl ldbewy Gl cpl (Yee) ooa 5 J)
TR P V2 I\ [P SR NP PED AR TR I [ PR ALY
oarie (V) Jodor 53 7 B v GladS b a5 S e L1 B dome S a0 5 (5K

Lilodds

1 Survey of Concern: SOC



el )93 Oledas (gdiadl 5 (Wi, (ol JJQ\ &yl

Oladas acues C}Ja.,- (V) g

4.5.&.&.550.:\0‘,3 4.1:-}& JLQJ.‘
, - | S 7
i a0 g (o518 sl S S
Sdome
&)}T}Jj\esmldlﬂd‘ﬁégdjw‘j‘g&ng});ﬁ ColKen O /.:3‘\3'
Wipl 505 2 osls S & am 5 S s Aol ¥
&)Jﬂjé})T};)b oslatal S0 6LQJ.€.U.9);A.»J&'JJ4>}SJSJJ
ol gt sl
4.73).> BE LS)}T)J. U’:‘;" J:.l}r_? E) 6)_51}} 6[.&4:..«[)9- Syse 3 LS"‘JK"
M.*
.
e Sk 4 e LBl 5 asas BT GBI |
LS))T}QJQO“;)JJQWC” f@i'

Laeals (SJJTC"'? d"-"‘”

A 03l SOC asl i 5 5l oy 5 53 &S 1 4z ;s Oladas a2uss Tob e skag
SV S (AT s mhau a4 aS el I YO Jold sl i
sl o3ls olantl Jlje iy d(sdme S 057 (($5IKea0 oly=F oy et asi
e 10 4B des e (55 sl Skl doss e 53 s Skl 035 e Lo
2ol i Lamis SOC oymss sladsds 5 (V) Jodr € ax 5 b oliS oS3
s (Riass by sddag) sdalie Cad S ol i 31 ol ool Glp ool
ol S (s Al eslital Olelas a5 uss cE.w Oex Sl ol aags slaaslas
sl i gl 5l ol s 5 baaslas (ltalin mls & Sls 355 4 o sasis
OEAS S 5 shadaes (hley @l ams A 3 LOT s wlale 5 Saia 5 sbe

)\J:e Lf'L:))‘ J)}A ‘Mbwﬂ )\ ebl.i';.w\l;.u(};) 092 FI)J_}(L}.}.J‘)}}) 092 .)a..«:‘_}‘ L

Vo)




\Yay QL’LQ..»U)‘)L@ erJJL.acYI b)LM;l(‘.;.d‘)é MUﬂ)é&s&)ﬁ# MM)A

S o s sl s aarlias 5 Slaaline 51 eslizl b il slaole 53 23S

Lasl

315 0L ele 2 sb s (SOC) babues [isley sl ml 51 Joole slaosls oo 5 a3
A s ele )3 3y i g )3 (s 3 eSS e 10 aas ol ole 53 S
o LS 5 )y (pated (V) v 0 ¥ o drs o opl 5Bty (GBI ) mhans 4
¥ o ore s oy a5 s V0 s ole 3 B i mla 3 b
sbo 53 Sy e 4 g elbilal ‘;h\giclﬁ.m))&as‘jwh Bt ‘;u.ﬁ.\.acla“):

N N RS P

—— 1 =2 =43 | ——4; —+—5. —0—6; ——67, ——8:6
6 —g 10— 11— 12 13 14- -~ T5: 5
5
o 1 1 4

3

—7

R
N\

N

=)
ol

AN

0 dj\;u 250 ok i ol a e ole FECTINI i ol
1a 0 1 2 3 4 5
25 0 0 2 2 2 4
3 0 1 1 2 3 5
45 0 2 3 4 6 6
5s 0 1 2 3 3 5
[ 0 1 2 4 5 6
7z 0 0 1 2 3 3
8: 0 1 2 3 3 5
9 0 1 2 3 4 6
10» 0 0 1 2 3 3
11a 0 1 2 3 4 5
12- 0 1 2 2 3 4
13- 0 1 2 2 3 3
142 0 1 2 2 3 3
15a 0 1 1 2 3 3

YoY



ezl 0555 Oledas (siadl 5 W5l (g oS 1)
oo i b ol S8 53 Olelas o Sl sad 5 Jsr Y S0

oo i 53 b S8 4 ol Olislaasaes s 1, Oladas C‘,Ja..a Slsses 5 dgd ¥ IS
03 dsbele 53 53 Y o des 45 550 e pshae Jlaged Cpl Sl dle ysbay das e 0L s
‘f‘}g.:.wu.xw.utzﬁfCaw@‘{._:ﬂzeu)gutw\;)\;f@ﬁ,u@@
(0555 L) wid ol 5 (55 Jamilsl) poms sle 53 8 G v 2 glans 53 15 La gnsa3l Jlsl 5
m‘ri,ieb):éxy)wbdclaﬂpﬁh oy obe 55 (poren das e OLL
Olodes dan (i ole o Bl Coes AL Cjk..« 4 53,5 yee CJG“ ol b Oldas

.Jj_}\b‘)‘}ulsﬁs;ﬁﬁ.‘ﬁ@xivch.njécvswb

15 -
8 s aske g r gl p bl (o sa gl alieT i
10
5
0 T B -
JOTCS 7S DX U U O R TR R C 0N P
o ks
M s e 0 4 10 1 0 0 0
[ PO JEI 0 0 0 5 2 5 3

b 3 pgr Slrole 3 o a3 a gsasl sl 5 0¥ JSs
Dol 31 aS ol 5855 (Uoh ole wla) o 51 i ole wils LT 4 dIjes cnl @ ol (51
A s s e Hi (250 5 Ho (55 5 s eslina] 058180 5 (g 2l U
(M1=Mpg) 1S o uis b S 55 500 423 Olakns SOC :Hp
(Mg>M1) &S o i) (ol S 5550l a2ty Oledas SOC :Hy

Yoy



YYAY Ol 5 Sle gU:JL.“Y' oled (gmyn el 53 oo 5w ks daldad o

S

a9 ola ag bl Ak ol anls ol il ble
Cfile 0.87 1.80 2.60 3.47 4.40
adls 1.00 2.00 2.00 3.00 5.00

b S8 —0lales SOC wile 5 S0l Jdr 5 5ls 500 0 S

olis ¢‘_;uUJ§.L:).> \) QL«.LM SOC L" .]9_3;]/: AJL:AJ wf;l.:ﬂ J}J}})‘J‘}A-‘ O Jg.é
U'i‘ 45.:).&@ u‘-’“:*" ‘v—ni\n::’ Y f_}.} dLﬁoLA B AJL;.a_} u,”itl:.a Lgy 42 B b .MJL;G

ey o F/Fr L ale 50 w0 Sl 2T ole 53 5 digls ol 5l s ¢ slis

=6 i SOC — 058U 5 (5 2lbbb 0 g3l (s & Jsdr oY) Jstr

P Sk b oSl Sl ol
o sl sl
u_,,.mSKLJ Cod
Voo e YA/ \Y 10 055 ols
Y/nnu /v \Y'/' VO VO r"»wbu
Y/v e v/eaa \Yo/e VO VO ¢JL€_>_:-ALA
Y'/nnu YR \Y'/h \O \0 VJ&.‘!‘OLA
L7 e VYo /o VO \O (...L.'Loba

Yot



el )93 Oledas (gdiadl 5 (L&l (6l JJQ\ &yl

L opss slaole 53 P oliie 8 w3 pglas 05eSIS s (sl U 0 sas o s s
ol s () Jsdr —cl 53855 i 3l dle pm (P cd /00 5l 5SS (it
47.4).9 9 o3y J;}A oL eslaiad &U J_<J.7 JZ:))AT LS‘;.’ LY Jjﬁ) S ol s e

il rassn

Sl 5 g St 5 Lo

(Slawyds Sl s wby Gilwg e « 1) 0K (V49A) Sl (13 Lo
Olpea ) Ol Oledrs 45 558 0 Gime Sl L (Bl ol &S AS Sdze 5 Llgtl
Ga gliwly 3 LS O ol Gl le 5 et Sl 2585 (So sl gl Ul
S EASES,E B s Ll Siagsy b 5 (b sl s S sis
slgtadls Gl gl e gl (b S S s SE S e B 5 56
3,50 (CBAM) a8uds 5 ciw Bpads dde 5 i oolgin ol bbb OUT
b S 13 esland

mekjgﬁjij\ (ol o5 53 (g IVl 05 S asie 5 G ISAS (gl BN s
LS)\Jj(‘}-G-"“&AJ}iJ‘)’Jfﬁﬁﬁybf°ﬁ%&rzwfu&)““1f6
‘)ﬁ‘ gﬁ-‘ U""L""f LA;.Q.:&) LAC,...:H:(_‘)} QL@J&AL})S ‘Lﬁ"\"\b‘ 095 13 S JY.);.\.J

(5 Jg.;)>ﬁ4ﬁuj‘55L~Mﬁ¢§‘u‘&>@ﬁ,”,\mﬁ1,u}u¢

L;ijyiduw\?m‘J_}..Zdniji:t;iija)jJLg\Jq-\ASL;LAJ‘j«SJ\JQUJJZAJE o
S el a4 S Sote Slasl bl Wped gl dnb e el
Ll 5 Lo )lS 25 4 Olizman o505 Oledre )3 abuss sl 5 01,815 s 5 5wl
‘bJ&;ijJaLL)l QL@.LM QJ;agTJUANJJ GJ...J 4ud\ja}y\§ .b.); CQJJA
o553 A b 534S ol l A ge asdllas ol sls dal g Ul 1, OUT T il 3 slac g

L oo Laesls (V4 asees SPSS 153l 5 51 sl L)
1 Metacognition

Yoo



H”W L)L“«NU))L@.; k€}>JLﬂ“~ A)ij:gwjé ML;J{JAJ.«.&)Q”JE MLLL.A@)}

oS8T 0L iy Olee 31 B 3l 3,550 50 OBASES 18w Gatn Hsbas ol p3Y (550
a5 dn (el ey So sk 5 ask ol glaasl stal 4 JS)sba s
23 ges Sosls bl sllee el cite glassl sbml (Bl I
b5 Comdl (sl RSS2k S 5 sl sl S 5 (e

.Ju.‘)‘.)

s bt s gL S e tlie g5, ASL FE e A
A alls ia sy S5 Y W R TY
el gode glaySU @ KT e o o s loilel il Y

Alaals iy, 48 ot e s laasls Gl ¥

) Tl e boasls msbad .

\ / Lausls ws e pacasis O
F

ey il il gy 03 5 e

el b U ppome gl g a8 20 VY

N )/

S b sl b S S (S

OF 53 55 (VAAY) s 5 opeds Jias sy sdmsance s 5 odids o ¢ ia g5y ol (bl
MJJ‘E&AL@*’;‘)JY;JA:LA\c.:\;b‘b‘)\).;ebl‘ﬁ.w‘b‘)beBAM J.lﬁd\}m_}}itwmﬂ

QJJJT V.A‘J.‘aj]wzj Ja])ﬁf;ﬂbcﬂb— U’:"QJJ“:’. )Jﬁdjl}- L JJJJSJ:.:.;S 4.2::.'3

1 Neilsen
2 Turner

Yo



st o35 Olakee sl s Sl (sl o sSUI

QL&}A c.)u)j.: gii“’u:‘ 692 vl—bﬂ L;AA 450)}.3 J}b DL ngdﬂ ‘)\ C,.iLq.?- LJ“‘JA:A

ISR PRI A

ST 5 Gl S pal daml S5 BT 51 S Wihs o p3Y 355 5 sl 5 1 SIS 5 p A
.J%ML;)\J'.{MIL,;M‘JJ:}{L;;L;W\)‘J&}EQ.“:\?lee_?l):SL;QJLBMLJJA&J;S>

@l:.a

Anderson, S. (1997). Understanding Teacher Change: Revisiting the Concerns
Based Adoption Model. Curriculum Inquiry, 27(3), 331-367.
D0i:10.1111/0362-6784.00057.

Asghari, N. Shahvarani, A. & Medgalchi, A. R. (2013). Significant Process of
Change for Elementary Teachers to Foster Functional Thinking.
Mathematics Education Bulletin- BOLEMA, Brazil.

Blanton, M. L. & Kaput, J. J. (2005). Characterizing a Classroom Practice
That Promotes Algebraic Reasoning. Journal for Research in
Mathematics Education. 36, No. x, 000-000.

Carpenter, T.P. Franke, M. L. & Levi, L. (2003). Thinking Mathematically:
Integrating Arithmetic and Algebra in the Elementary School.
Portsmouth, NH: Heinmann.

Carraher, D.W. Schliemann, A.D. Brizuella, B. M. & Ernest, D. (2006).
Arithmetic and Algebra in Early Mathematics Education. Journal for
Research in Mathematics Education, 37(2), 87-115.

Chazan, D. (1996). Algebra for All Students. Journal of Mathematical
Behavior. 15(4), 455-477.

Hall, G. & Hord, S. (2001). Implementing Change: Patterns, principles and
potholes. Boston, MA: Allyn and Bacon.

Jacobs, V.R. Franke, M. L. Carpenter, T. P. Levi,L. & Battey, D. (2007).
Professional Development Focused on Children’s Algebraic Reasoning in
Elementary School. Journal for Research in Mathematics Education,
38(3), 258-288.

Kaput, J.J. (1998).Transforming algebra from an engine of inequity to an
engine of mathematical power by “algebrafying” the K—12 curriculum. In
S. Fennell (Ed.), The nature and role of algebra in the K-14 curriculum:
Proceedings of a national symposium (pp. 25-26). Washington, DC:
National Research Council, National Academy Press.

Kaput, J. (1999). Teaching and learning a new algebra. In E. Fennema & T.
Romberg. (Eds.), Mathematics classrooms that promote understanding
(pp. 133-155). Mahwah, NJ: Erlbaum

Yov



\Y’qvQL&,.{U)JL@ijdLA‘VA)L«.;;JAJ:MUﬂ))L}A&)MnJﬁMM):

Kenney, P.A. & Silver, E.A. (1997). Results from the Sixth Mathematics
Assessment of the National Assessment of Educational Progress. Reston,
VA: The National Council of Teachers of Mathematics.

Malara, N. & Navarra, G. (2003). ArAl Project: Arithmetic Pathways towards
Favoring Pre-Algebraic Thinking. Bologna, Italy: Pitagora Editrice.

National Council of Teachers of Mathematics & Mathematics Sciences
Education Board (Eds.), (1998). The Nature and Role of Algebra in the K-
14 Curriculum. Proceedings of a National Symposium. Washington, DC:
National Academy Press.

National Council of Teachers of Mathematics. (2000). Principles and
standards for school mathematics. Reston, VA: NCTM.

Schliemann, A. D. Carraher, D. W. & Brizuela, B. (2006). Bringing Out the
Algebraic Character of Arithmetic: From Children’s Ideas to Classroom
Practice. Studies in Mathematical Thinking and Learning Series.
Lawrence Erlbaum Associates. Book contract.

Stephens, A. C. (2008). What Counts as Algebra in the Eyes of Prospective
Elementary Teachers? Journal of Mathematical Behavior. 27, 33-47

Warren, E. (2005). Patterns Supporting the Development of Early Algebraic
thinking. In P. Clarkson; A. Downton; D. Gronn; M. Horne; A.
McDonough; R. Pierce; & A. Roche. (Eds.), Building Connections:
Theory, Research and Practice. Proceedings of the Annual Conference of
the Mathematics Education Research Group of Australasia, MERGA-28.
Vol. pp. 759-766. Melbourne: Mathematics Education Research Group of
Australasia.

Slades g sm 5 0kd I b sl 5l & pad K

Jf@fﬁbcﬂ)g}.(.«:r-blﬁ}%ﬂf& LAC))[S S 'J« LI.:%L“)[SJ\ .J)\J}ﬁ}@)ls LgJUutJL._u

S s LSS sel b 1 0T B 5 e 2361

S 55k Hlds
- ) SIEA

S,ls p’yjﬁﬁ sl 4 )8 # Okl (61

YoA



el )93 Oledas (gdiadl 5 (L&l (6l JJ_Q\ &yl

S5l e Ol sl Sl ol AL O s 5 T a8 s p S ane Kl S

Y

e

b S8 asl s
I;)‘}SU- r\a}f\;
A e das e OLES (Ll S ol 311 e S5 S (g3 5 Al |y e s Uil
\% 4 0 ¥ Y Y \ .
wlw%Swiwyzjngdbu LS ol Bho 0 3550 )5 ol J= s by el
.J)‘Jwl&adlﬂu((kﬂu‘)ﬁ;))QO‘)}AT&J‘)L;JJQ—\
\ 70 ¥ Y Y \ .
ols Sassal Oyl 25l 4 2e 1y (b S dadl damsts Ol o S oo Bas 40 o il b= 5o =Y
v ¢ o0 ¥ Y Y \ .
ez 350 33 b S losed s e Y
\ 4 o ¥ Y Y \ ,
oSS sl anils Wl 03 gk 230bsle gl B Oles Sl 5l e Y
v ¢ 0 ¥ Y Y Yoo
S SaS Ol 5L Dl 4l S Bl s Wan Sos S pls i y2-0
v & 0 ¥ Y Y A
pols b K& 3550 53 (639 sl SRS e=F
v o f o ¥ Y Y \ ,
.VJLL. ¢1L;;;}¢10,> VY JURST rldél{) JZ)‘).J 03 1yl Sansleslanal jqb fJ\’ S 33 oV
A4 o ¥ Y Y \ ,

et 2Ly alie S0 5 55 el o 5SSl U155 (el S 53 WiYe 3l 0SS A

v o f o ¥ Y Y \ ,
et OLSS aals Si 3 ealizal s (_;Ev\i-’*’.'-? Sy50 53 et
vos o0 oYYy

yod



\Y‘M" L)L“w.;U))L@ ;r}bJLA‘V A)La.fug";wjé AAU}{):L}A&)Q# ML;LAé)b

W}J((&Ufgjiij‘oﬁuﬁw\)aaj;)'\ojﬁ):v.&vﬂ)&mt{e);d}b)brﬁb(:)‘Sf)b(;wujb—\'
.P.AJ

v o5& 0 ¥ Al Y Yoo

e 015 013 5T 330 53 (s S 3 S5 sSr 5)5m 55 -0

v 5 0 Y v ¥ Yo

S, el e sl (b S -\ Y

Y 5 0 f Y Y V.
.CJ;JA‘};;V.:A—A11@{Uﬂ)ij‘bé)&l-‘b}>ﬁJ)}A)}ﬁ%df‘.l{f)b@})y—\r
v & 0 f Y Y

VSC,PUHL;\;U Ji.&s" )‘ salaiwl QK,J S48 2 (:)lb CMJJ—\\‘

v & 0 f Y Y

13 gy oaulie oS eslizal "l SE" 1 S0 el e ST I ls sz —10
v o5 0 Y Y Y

e 1SS 3 g ot 35 (gl S 3 L ail dmn S e 3 pl SIS 1 e VP

v 5 o0 f Y Y 1\

J}Jdrbu\ &u\:,.il.&}%‘w%))w&:Aiﬂ.)\ﬁjwj.l:)x&?é‘jr."x (:)lbgl,w.'}b—\v
v o5 0 Y Y Y
.r;sui_,,:tﬂ)uzjyiﬁ"&u;\a"&ﬁgiﬁpl)upu;;\g)uw%ﬁ;;pu S 33 —VA
v o5 0 Y Y Y \
,Mmﬁ‘g\j,‘?umuﬁp;u&_gj)l;),‘);y—m

v & o0 f Y Y

V.Sj]m.l._s.bﬁ h((&Uﬂ))d{ﬁjﬁT:é});)}A):r)‘ﬁ&‘;‘AJQ_\‘.

v o5 0 Y Y Y

ol LS s plnil sdge 51 iS5 sbas Y

v & o0 f Y Y

oS Ol Ol gal s 51 Olasle 2 el o 1y el S0 51 Slooslinal G pls s =YY
v o5 0 Y Y Y
.V.;ﬁe:u..:L_.;-Cﬂb}:L}SLMJ,Q::UA):l.alg(.i\:;;;.}6}:>;<<&UJ£E;»;J),«);4;;J,§\—YV
v o5 0 Y Y Y

S Sl 5 G5 (b S gl 3 0L 3550 3 1y (15 el s pols awsa-YY
v of 0 Y Y Y o\



el )93 Oledas (gdiadl 5 (L&l (6l ;f,_}i“ &yl

e OLSS (b S b o oade b Jilaa L IS Loy BB1 3550 3 0 = YO

v & o0 f Y Y N

23S a3 eslinal 3550 S el il S LTS Wl Pl S ss =Y7

v & o0 f Y Y 1\

2 sl 53 Ll S Sl eslizal U S Sialen 0 Ll wsla 5905 oS pls Css STV
ol Sl

v & o0 f Y Y N

f.gfél'.u uw.«r).ﬂ)é "_;u_l:).iéj" v_%ju 6.1.1 C)Y djf\}QLAJ ))}A DL ng.:...:..:.v QL&)’U&\ f—)b CA-\.MJJ_YA
.(.3\.)@_

v & o0 f Y Y

S e S (b S O 4K Oledae Koo B ol e ss —Y4

v & 0 f Y Y N

o Bl sl 53 0T s o g 53 i all S (5 ,S5k 4 e sl Jl- s Y

v & 0 f Y Y
M;‘Udﬁ)&{\)«d..gu;s»«sg,;”@ﬁt,?L,;»,sgu\w;;wj;}i;;puw);_m
v & 0 f Y Y N

3,555k oS oo Gails by Sl ol (al S aS gy ok gl gbﬂu:;\;j\puw);-rv
.r'Sc,.éLi):

v o5 0 fY Y Y

S o S 0 3 e G S S e S ) (ol S 8 Sl Iy al g e YT

v & o0 f Y Y N

35S e 3L sl Oley ol 3l 5 Lagys sas 05 S Kealea-Tf

v s o0 f Y Y Y

s ol Jlm 3 e dS ol s B 5l e «Ju_t:ﬁ»&w‘u;%vmpbwﬁ—m

v s o0 f Y Y Y

ARy



